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MR(2000) 01234 91A15, 93E20

1 5 6
�#��� (Multi-Agent Systems, MAS) ! !"� "$" %##$#Æ%$&

 !"� $Æ&"7'$%'� (!(&)#*")*#""��%'&('++(
$,)%"-,)* [1], +.*&� Æ&+!"'/('� (,89-�(0-* MAS
" ,,).)*.1*/+/�01".202-34.2"! MAS 5&364"$&
– ,7,./�#��� (Large Population Stochastic Multi-Agent Systems, LPSMAS). 8
&� ,-49*/0 [2] '.0 [3] '15 [4−5] (� 50#""�1 N '676/,#"2

2:� "38(01(. [6], ;9:"�1 N 2*435� "23(<;6 LPSMAS
=45"$"6)0

9< LPSMAS "=45#$><"(�?=�@ 658(?=,./?=670.
/?=07AB87#>58(?=45?6870@.*./?=":C( ,D49E
� F28A"(<#89$9:1";<::(()*B+*=,;<0=>< LPSMAS
"=4,�;*58(?= [7−8] , ><./?="=4>=Æ [9−10] . MAS "$"64&)!

* �?;?��@A<@ (60221301) B�����G=CHCDIJEK<@ (KJCX3-SYW-S01) <LA
>F
?D@BG2007-04-29.
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#"#��IMÆ&&;"EN�(#< MAS ":CF4B*9 CJÆ"FGDHÆ0
2-><=6KLO./(�?=#9E- [8] 5"PEGIMN#F<* C).H#O
"QI*$F<").H!JKPJ23 Nash KLQL0

@2<./ MAS G(KLREJÆ"=4#,I><"!MR5M� "� $H"
SINN,I6OJÆSI [7−10], 89$85SK;.*$.PQ"TETL02-OP
*QC5M./ MAS G(KL CREJÆ)*#$9U").H!@QC5MU"RM
"#4V*871>).S"F<09N#8T$OP"SINN6ORKSU&T"?W
V#>OJÆSI$RM"SITL4U0$&+P#?WVV"VQ$Æ%WE(,XW
(Y<*QC5M� #XX&RMR5MYUDYSW"8$&&(1Æ#8I9ZX�

  ,&55Y[Q"Z\,;<::("QIB+*;< #69TZ[U*?W5[,
;<87 [11], 9EU\ ,,Z\[;7]"(.1Æ#QI*)-V [8] 5PEGIMN
$\]"<7,PE^K (Population State Average, PSA) ";<9_7T1ABD"!$
^(#H*9E;<"!$^(QI*ZX� "JKPJ23:C(0

2-]]EWD^_ Rn ^X n Y"8Z-`�Y Im ^X m Y"_[U\Y Rm×d ^

X m× d Y8U\`�YXT ^XZ-`U\ X "_`Y ‖X‖ ^XZ-`U\ X "a"T

1Y tr(X) ^XU\ X "aY ρ(X) ^XU\ X "b`cY IA ^XI6 A "X(b10

2 @ABC
2-=4"!8F$&� #d#"#��"RE&()G(./W M5RM

yi(t+ 1) = A(θi)yi(t) +B(θi)ui(t) + Cwi(t+ 1), (1)

d5 i = 1, 2, · · · , t = 0, 1, · · · , yi ∈ Rn !a i "#��"�-bPE# ui ∈ Rm !d).\

U# θi =
(
θ1i , θ

2
i , · · · , θN0

i

)
!dR(0c1#d6c1Z-##ea*a i "#��"P\

b]Y {wi(t), t = 0, 1, · · · , i = 1, 2, · · · } !./SIY A(·) : RN0 −→ Rn×n, B(·) : RN0 −→
Rn×m !(TY1MRU\cb10eN#c1Z- θi >Æ&WD(<f {θi, i = 1, 2, · · · }
!g <P\

(
RN0 , F (θ)

)
5XW6-hF.1"$"F2#d5 F (·) : RN0 −→ [0, 1] !c

1Z-fMK" !b1#d6c1Z-fM"^d !0TZ�@9E {θi, i = 1, 2, · · · }
\]c1Z-fM".d !b1

FN (θ) � 1
N

N∑
i=1

I[θi<θ], (2)

d5 θ =
(
θ1, θ2, · · · , θN0

)
, [θi < θ] =

[
θ1i < θ1, θ2i < θ2, · · · , θN0

i < θN0

]
.

TZ])> N "8F"R(0M5\;"� ^D SN , 8T SN "$").9^6
U = {u1, u2, · · · , uN

}, a i "#��"(�?=6=6KLOU"

JN
i (ui, u−i) = lim sup

n→∞
1
n

n−1∑
t=0

[
(yi(t) − γyN (t))TQ (yi(t) − γyN (t)) + uT

i Rui

]
, (3)

d5 i = 1, 2, · · · , N , γ 661# yN (t) = 1
N

N∑
j=1

yj(t), Q 6 n Y"`W8U\# R 6 m Y

"W8U\# u−i = {u1, u2, · · · , ui−1, ui+1, · · · , uN}.
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TZE UN
l,i ^X� SN 5a i "#��"-*ii-bb]"fg).I6# UN

g,i ^

X� SN 5a i"#��"-*`i-bb]"fg).I60$_ CJÆ!?a i"#

��M�9Edii-bb]E6).H ui c ui ∈ UN
l,i,@[hFd(T"?= JN

i (ui, u−i).
Æ�"#2-5" UN

g,i , ui ∈ UN
l,i �@^X6

UN
l,i =

{
ui|ui .* σ (yi(s), s = 0, 1, · · · , t)�b, ‖yi(n)‖2 = o(n),

n−1∑
t=0

(‖ui(t)‖2 + ‖yi(t)‖2
)

= O(n). a.s.
}
,

UN
g,i =

{
ui|ui .* σ (yi(s), s = 0, 1, · · · , t, i = 1, 2, · · · , N)�b, ‖yi(n)‖2 = o(n),

n−1∑
t=0

(‖ui(t)‖2 + ‖yi(t)‖2
)

= O(n). a.s.
}
.

F 1 (�?= (3) &iUj"87kj#kW#- [12] =4*4G'b`l"d\)
.)*#d5-j<a i "Ee"f:d\6 yi, #"EeD4kl).QL ui, +.8a
$#).�-ZgÆ*"bN> (Signal–to–Interference Ratio) f3*98"61 γ, TZ'
&[hFDm"(�?=n�@8b87).==0

lim sup
n→∞

1
n

n−1∑
t=0

{[
yi(t) − γ (yN (t) + η)

]2
+ ru2

i

}
,

d5 i = 1, 2, · · · , N , η !kjSI!S0
<%O (1) TZ&WD-2hF
(H1) F (·) "%lI M ! RN0 K"&TZI0

(H2) {FN , N = 1, 2, · · · }c::1F, cFN (θ)
ω−−−−→

N → ∞
F (θ).

(H3) <dA" θ ∈ M, (A(θ), B(θ), D) �)�i#d5 DTD = Q.

(H4) {yi(0), i = 1, 2, · · · } ! i.i.d, yi(0) .* F i
0 �b#O" E‖yi(0) − Eyi(0)‖4 <∞.

(H5)
{(
wi(t),F i

t

)
, t = 0, 1, · · · , i = 1, 2, · · ·} !8B9Z\fM (Ω ,F , P ) K"('X

W" d Y?WVI6#oGWDOR

sup
t≥0

E
[‖ωi(t+ 1)‖2|F i

t

]
< ∞, a.s. lim

n→∞
1
n

n∑
t=1

ωi(t)ωT
i (t) = Ri ≤ Rω , a.s. i = 1, 2, · · · .

d5 Ri : Rω 6W8\# F i
t � σ (ωi(s), s = 0, 1, · · · , t).

F 2 )hF (H3) : A(θ), B(θ) "MR(, M "j(#TZ$<.1WDP]

(i) <dA" θ ∈ M, Riccati M5

S(θ) = AT(θ)S(θ)A(θ) −AT(θ)S(θ)B(θ)
(
R+BT(θ)S(θ)B(θ)

)−1
BT(θ)S(θ)A(θ) +Q, (4)

49e$W8( S(θ), S(·) !M K"MRU\cb10

(ii)<dA" θ ∈ M, G(θ) = A(θ)−B(θ)
(
R+BT(θ)S(θ)B(θ)

)−1
BT(θ)S(θ)A(θ) !38

U\#G(·) !M K"MRU\cb1#O"49M > 0, λ ∈ (0, 1), +. ‖G(θ)‖n ≤Mλn,
∀ n ≥ 0.
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6*4k"<.*./(�?="[hFHÆ8-RM#TZ[U*JKPJ23 Nash-
KL"Zp0

HI 2.1[9] $V).9 {
UN =

{
uN

i , i = 1, 2, · · · , N} , N = 1, 2, · · ·} d6.*(T?
=9V {

JN =
{
JN

i

(
uN

i , u
N
−i

)
, i = 1, 2, · · · , N} , N = 1, 2, · · ·} "JKPJ23 Nash- KL

:"#:49Z\fM (Ω ,F , P ) K"7m./n-V {εN , N = 1, 2, · · · }, +. εN

a.s.−−−−→
N → ∞

0,

"<o ," N , & JN
i

(
uN

i , u
N
−i

) ≤ infvi∈UN
g,i
JN

i

(
vi, u

N
−i

)
+ εN , a.s. i = 1, 2, · · · , N.

3 JKLMNOPQ
)%O (1) ,(�?= (3) �N#TZ$f]")*�@qD!lROKL?=:C)

.)*0<8&)*#-V [11] <plRb_6mN"58(b_"YUD*(q0J*#
2-5a i "#��lR"b_6 γyN (t), 8!"gNb_#$�E*).H"F<0TZ
d yN (t) 6 PSA[9]. mr NCE[9,13], TZ�@h^\]< PSA ";< y∗(t), gniKq y∗(t)
TÆ&WD"(<fWQ#"#��] y∗(t) qD< PSA "&o;<#O9E#\]).
H#st)9r^"ZX� PSA "10uiT*nkn! y∗(t) `1:� 5""�1
N 2*4352* y∗(t). WQÆ&KM(<" y∗(t) 49#TZn�@E y∗(t) sj yN (t)
\] C).H0

9(�?= (3) 5k@_"&Tb_ yc(t) sj yN (t), p)-V [11] 587 3.5�@.
1a i "#��":ClR).H

ui(t) = − (R+BT(θi)S(θi)B(θi)
)−1

BT(θi)S(θi)A(θi)yi(t)

− (R+BT(θi)S(θi)B(θi)
)−1

BT(θi)bi(t+ 1), (5)

d5 bi(t) = −
∞∑

j=0

Gj(θi)
T
Qγyc(t + j), Si = S(θ)|θ=θi , S(θ) ! Riccati M5 (4) "e$W8

(0

^ Ai = A(θ)|θ=θi , Bi = B(θ)|θ=θi , Gi = G(θ)|θ=θi . ]" (5) sU" (1), .1a i "#�

�"ZX� M5

yi(t) = Giyi(t− 1) −Bi

(
R+BT

i SiBi

)−1
BT

i bi(t) + Cωi(t).

<K"6tvui. Eyi(t) = GiEyi(t − 1) − Bi

(
R +BT

i SiBi

)−1
BT

i bi(t). DmTZEPE
GIMN ([8]) \]< PSA ";<0h^#TZ\]$"uq� 

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

Eyθ(t) = G(θ)Eyθ(t− 1) −B(θ)
(
R+BT(θ)S(θ)B(θ)

)−1
BT(θ)bθ(t),

Eyθ(0) = y0,

bθ(t) = −
∞∑

j=0

Gj(θ)
T
Qγyc(t+ j),

yc(t) =
∫

RN0

Eyθ(t)dF (θ),

(6)

8"uq� o&MR "#��##"#��Ec1Z- θ =^# F (θ) ^X*c1Z-
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"vc !0^ P (θ) = B(θ)
(
R+BT(θ)S(θ)B(θ)

)−1
BT(θ). )" (6) .

Eyθ(t) = Gt(θ)y0 +
t∑

i=1

Gt−i(θ)P (θ)
( ∞∑

j=0

Gj(θ)
T
Qγyc(i+ j)

)
. (7)

8B

En � {a = {a(k)}|a(k) ∈ Rn, k = 0, 1, · · · } , Eb
n �

{
a = {a(k)}|a ∈ En" sup

k≥0
‖a(k)‖ <∞

}
,

∀ a ∈ Eb
n, 8B ‖a‖∞ � supk ‖a(k)‖, p�@QI (Eb

n, ‖ ·‖∞) ! BanachfM08B (Eb
n, ‖ ·‖∞)

K"lS

J : (J x)(k) �
∫

RN0

{
Gk(θ)y0 +

k∑
i=1

Gk−i(θ)P (θ)
( ∞∑

j=0

Gj(θ)
T
Qγx(i+ j)

)}
dF (θ), ∀x ∈ Eb

n.

)2 2 �N# J ! (
Eb

n, ‖ · ‖∞
)
K"lS0

)lS J "8B," (7), uq� (6) �r6

yc = J yc. (8)

M5 (8) �b* NCE < PSA ";<$4w"(<0;9#WQM5 (8) 49e$(# st
9(n�@D6< PSA ";<0DmTZ9UM5 (8) &e$("$"o OR0

HT 3.1 <� (1),(�?= (3), WQ ‖Q‖|γ| ∫
RN0

( ∞∑
j=0

‖G(θ)‖j
)2

‖P (θ)‖dF (θ) < 1,

pM5 (8) 49e$(0
U )lS J "8B�N#<dA" x, y ∈ Eb

n, &

‖(J x− J y)(t)‖ =
∥∥∥∥
∫

RN0

t∑
i=1

Gt−i(θ)P (θ)
( ∞∑

j=0

Gj(θ)
T
Qγ(x(i+ j) − y(i+ j))

)
dF (θ)

∥∥∥∥
≤ ‖x− y‖∞‖Q‖|γ|

∫
RN0

( ∞∑
j=0

‖G(θ)‖j

)2

‖P (θ)‖dF (θ).

;9#)87"ORN J ! (
Eb

n, ‖ · ‖∞
)
K"smanlS0g*M5 (8) 9 Eb

n K49e

$(0

)*87 3.1 "OR!59� P\K"#;9>=otdQ06V* C).H"F
<#9@p" ,5TZhF

(H6) M5 (8) 49e$(#O]d^6 y∗.
9hF (H6) D#TZ�@6a i "#��\] C).H#O]d^D u0

i

u0
i (t) = − (R +BT

i SiBi

)−1
BT

i SiAiyi(t) −
(
R+BT

i SiBi

)−1
BT

i bi(t+ 1), (9)

d5

bi(t) = −
∞∑

j=0

Gj
i

T
Qγy∗(t+ j). (10)
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)" (8) �N# y∗ M:� "P\b] A(·), B(·), F (·), ?=c1 Q, R @:vpPE"10
ui y0 &.#*:#��"85PE yi(t), i = 1, 2, · · · , N 4.0;9#)" (9) $58"
).H58Mux*a i "#��"ii-bb]#;*! C).0v9#TZ-* NCE
"qr,lROKL?=:C).s;* C).H"F<0

4 VWXYJZ
HT 4.1 <� (1), WQhF (H1), (H3) − (H6) ;W#p).H (9) :d<T"ZX

( y0
i (t) oG

sup
N≥1

max
1≤i≤N

lim sup
n→∞

1
n

n−1∑
t=0

(‖u0
i (t)‖2 + ‖y0

i (t)‖2
)
< ∞, a.s. (11)

U ]).H (9) sU� M5 (1) .1ZX(

y0
i (t) = Gt

iyi(0) −
t∑

j=1

Gt−j
i Pibi(j) +

t∑
j=1

Gt−j
i Cwi(j). (12)

;9

‖y0
i (t)‖2 ≤ 3

∥∥Gt
iyi(0)

∥∥2 + 3
∥∥∥ t∑

j=1

Gt−j
i Pibi(j)

∥∥∥2

+ 3
∥∥∥ t∑

j=1

Gt−j
i Cwi(j)

∥∥∥2

. (13)

)* Gi 638U\#$@

lim sup
n→∞

1
n

n−1∑
t=0

∥∥Gt
iyi(0)

∥∥2 = 0, a.s. (14)

^My∗ = ‖y∗‖∞,MP = sup
θ∈M

‖P (θ)‖,MS = sup
θ∈M

‖S(θ)‖,MB = sup
θ∈M

‖B(θ)‖, MA = sup
θ∈M

‖A(θ)‖,
)2 2(ii) :" (10) �N

‖bi(t)‖ ≤
∞∑

j=0

‖Gi‖j‖Q‖|γ|My∗ = ‖Q‖|γ|MMy∗

∞∑
j=0

λj =
‖Q‖|γ|MMy∗

1 − λ
� Mb, (15)

H*

lim sup
n→∞

1
n

n−1∑
t=0

∥∥∥ t∑
j=1

Gt−j
i Pibi(j)

∥∥∥2

≤ M2
bM

2
PM

2

(1 − λ)2
� K1 <∞, a.s. (16)

)2 2(ii) :yt$(".

n−1∑
t=0

∥∥∥∥∥
t∑

j=1

Gt−j
i Cwi(j)

∥∥∥∥∥
2

≤ M2‖C‖2

1 − λ

⎛
⎝ n∑

j=1

λj−1

⎞
⎠ n∑

t=1

‖wi(t)‖2 ≤ M2‖C‖2

(1 − λ)2

n∑
t=1

‖wi(t)‖2, (17)

)9:hF (H5) N

lim sup
n→∞

1
n

n−1∑
t=0

∥∥∥∥∥
t∑

j=1

Gt−j
i Cwi(j)

∥∥∥∥∥
2

≤ M2‖C‖2tr(Rω)
(1 − λ)2

� K2 <∞, a.s. (18)
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E6" (13), (14), (16) , (18) .

lim sup
n→∞

1
n

n−1∑
t=0

‖y0
i (t)‖2 ≤ K1 +K2 < ∞, a.s. (19)

)" (9) : (15) �N

lim sup
n→∞

1
n

n−1∑
t=0

‖u0
i (t)‖2 ≤ 2‖R−1‖2M2

BM
2
SM

2
A(K1 +K2) + 2‖R−1‖2M2

BM
2
b . (20)

2A1 K1, K2 , Mb : i, N 4.#)" (19) ," (20) N" (11) ;W0
F 3 87 4.1 PIZX� !95M^KABDJKPJ$^38"0$_$^!?

49 A ∈ F , P (A) = 1 +. ∀ ω ∈ A, I49: N, i 4."7m&;./n- C(ω) oG
lim sup

n→∞
1
n

n−1∑
t=0

(‖u0
i (t)‖2 + ‖y0

i (t)‖2
) ≤ C(ω). ;9#:� "�1 N 2*435w"� u

�wx380

)87 4.1 "QI�NZX� "38(M:< PSA ";< y∗ "&T(&.#*:
d;<qS4.0TZ8J.x"$")*!T*]EyF"?=+zr< PSA ";<q
SyDmTZn+sq8z)*0

[T 4.1[9] k Rn K" !b1 FN (x)
ω−−−−→

N → ∞
F (x)," FN , F &j%lM ⊆ Rn,p<M

K$^&T(SMRb1 g(x, t) & lim
N→∞

supt≥0

∥∥ ∫
Rn g(x, t)dFN (x) − ∫

Rn g(x, t)dF (x)
∥∥ = 0.

WQ<d9" t ∈ [0,∞), g(x, t) !M K"MRb1#p ∀ t ≥ 0, lim
N→∞

∥∥ ∫
Rn g(x, t)dFN (x) −∫

Rn g(x, t)dF (x)
∥∥ = 0.

HT 4.2 <*� (1), WQhF (H1) − (H6) ;W#p9).H (9) DZX� "(
y0

i (t) oG
lim

N→∞
lim sup

n→∞
1
n

n−1∑
t=0

∥∥y0
N (t) − y∗(t)

∥∥2 = 0, a.s. (21)

d5 y0
N (t) = 1

N

N∑
i=1

y0
i (t).

F 4 87 4.2 �@qDg5M, “fM ” 6"Mmv5< y∗ ";<(�HÆ*S-0

TZ$\]" En "SfM EPb
n �

{
x ∈ En| lim sup

n→∞
1
n

n−1∑
t=0

‖x(t)‖2 <∞} 87K!$&^Kd
\&;"VVI60TZ�@9 EPb

n K8B$"(t.� ∼: <dA" x, y ∈ EPb
n , x ∼ y :

"#:

lim sup
n→∞

1
n

n−1∑
t=0

‖x(t) − y(t)‖2 = 0.

]@ x 6s^{"(t&^D [x], 9wfM EPb
n � ∼ K8BT1f<dA [x] ∈ EPb

n ,

∥∥[x]∥∥
Pb

�
(

lim sup
n→∞

1
n

n−1∑
t=0

‖x(t)‖2

) 1
2

.
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�@QI (EPb
n , ‖·‖Pb

)!$"zTfM0P687 4.1,87 4.2^I lim
N→∞

∥∥y0
N (t)−y∗(t)∥∥

Pb
= 0

uZ\ 1 ;W0c.i N "|5#< PSA ";<{W9 ‖ · ‖Pb
T1ABDJKPJ::*

0. ;9#TZ�@P y∗ !95M^K` ‖ · ‖Pb
T1ABD< PSA "!$^;<0eN#8

7 4.2 }!pm C).H23:C( ,"&(1Æ0
87 4.2 "QIE1*WD6"[70
[T 4.2 <� (1),WQhF (H1), (H3) − (H6);W#puq� (6)"e$( Eyθ(t)

!M K$^&T(SMRb1#c sup
θ∈M

‖Eyθ‖∞ < ∞, "<dA" ε > 0, 49 δ > 0, +.

<dA" θ1, θ2 ∈ M, t = 0, 1, · · · M4 ‖θ1 − θ2‖ < δ n& ‖Eyθ1(t) − Eyθ2(t)‖ < ε.

U uv| A.
[T 4.3 <� (1), WQhF (H1), (H3) − (H6) ;W#p9).H (9) DZX� "

( y0
i (t) oG

lim sup
n→∞

1
n

n−1∑
t=0

∥∥y0
N (t) − Ey0

N (t)
∥∥2 ≤ 2M2‖C‖2tr (Rω)

N(1 − λ)2
, a.s. (22)

U uv| B.
HT 4.2 \]^ )" (7) , (12) N Ey0

i (t) = Eyθ(t)|θ=θi , )9:" (2) ," (6) .

Ey0
N (t)−y∗(t) =

1
N

N∑
i=1

Eyθ(t)|θ=θi −y∗(t) =
∫

RN0

Eyθ(t)dFN (θ)−
∫

RN0

Eyθ(t)dF (θ). (23)

)[7 4.2 N Eyθ(t) !M K$^&T(SMRb10g*#)" (23) ,[7 4.1 N

lim
N→∞

sup
t≥0

‖Ey0
N (t) − y∗(t)‖ = 0, a.s.

;9 lim
N→∞

lim sup
n→∞

1
n

n−1∑
t=0

∥∥Ey0
N (t) − y∗(t)

∥∥2 ≤ lim sup
n→∞

lim
N→∞

sup
t≥0

∥∥Ey0
N (t) − y∗(t)

∥∥2 = 0, a.s.

2A1

lim sup
n→∞

1
n

n−1∑
t=0

∥∥y0
N (t) − y∗(t)

∥∥2 ≤ 2 lim sup
n→∞

1
n

n−1∑
t=0

∥∥y0
N (t) − Ey0

N (t)
∥∥2

+ 2 lim sup
n→∞

1
n

n−1∑
t=0

∥∥Ey0
N (t) − y∗(t)

∥∥2
,

P6[7 4.3 N" (21) ;W#87 4.2 Q{0
DmO| C).H

{
UN =

{
u0

i , i = 1, 2, · · · , N} , N = 1, 2, · · ·} .*d(T?=9V{
JN =

{
JN

i , i = 1, 2, · · · , N} , N = 1, 2, · · ·} ":C(0
HT 4.3 <*� (1),?= (3),WQhF (H1) − (H6);W#p).9V {UN =

{
u0

i ,

i = 1, 2, · · · , N} , N = 1, 2, · · · } !.*(T?=9V{
JN =

{
JN

i , i = 1, 2, · · · , N} , N = 1, 2, · · · }

"JKPJ23 Nash- KL0
U uv| C.
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F 5 )87 4.3 �@NATZ$\]" C).H!LC"08!)*#"#��w
vb]"�(!&;"0@)JKPJ23 Nash- KL"8B:87 4.3 �N#:� "�
1 N 2*435LC?=,:C?=M"{WxJKPJ2* 0. ;9TZ$\]" C
).H!9 Nash KLABDJKPJ23:C"0

5 _`ab
OP$"$Y� %O0a i "#��"R(0M56

yi(t+ 1) = ayi(t) + bui(t) + 0.2ωi(t+ 1),

d5vpc yi(0) Æ&WE ! N
(
y0, σ

2
y0

)
, {ωi(t), t = 0, 1, · · · , i = 1, 2, · · · , N} !MW6 1

"OJÆSIVV0a i "#��"(�?=6

JN
i (ui, u−i) = lim sup

n→∞
1
n

n−1∑
t=0

[(
yi(t) − 1

2
yN (t)

)2

+ u2
i (t)
]
,

)" (6) �N#8Tuq� 6

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

yc(t) = G(θ)yc(t− 1) − b2

1 + b2S(θ)
bθ(t),

yc(0) = y0,

bθ(t) = G(θ)bθ(t+ 1) − 1
2
yc(t),

(24)

d5 S(θ))" (4)9U#G(θ) = a− ab2S(θ)
1+b2S(θ) . )" (24)�N yc(t+1)+∆yc(t)+yc(t−1) = 0.

d5 ∆ = b2

2G(θ)(1+b2S(θ)) − G(θ) − 1
G(θ) , p yc(t) = y0λ

t
1 6KMM5"$"(#d5 λ1 =

−∆−√
∆2−4

2 . ;9# C).H6

u0
i (t) = − abS(θ)

1 + b2S(θ)
yi(t) − b

1 + b2S(θ)
bi(t+ 1).

v a =
√

6
2 , b = 1

2 , y0 = 3, σ2
y0

= 7, p:� "�16 100 5#ZX� "PE8aWx 1.
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6 de
2-=4*Æ&=6KLO./(�?="QC5M LPSMAS " CJÆ)*0TZ

-* NCE F<* C).H#O9EZ\[;7] ,*ZX� "(<0QI*ZX�
 "JKPJ$^38(#,< PSA ;<9_7ABD"!$^(0:pQI*$F<"
 C).H!JKPJ23 Nash KLQL0<QC5M LPSMAS " CJÆ)*#2-
#HÆ*v}z{0&g�64)*|DH$}=40kW#: C).H!JKPJ23

:C5#LC(�?=.*"�1::1:C"}S!�Æy:� %O5o&gNc1
5#W{F<:C C).Hy((0

fg

hi A ~[T 4.2 \]^
^

I1θ(t) = Gt(θ)y0, I2θ(t) =
t∑

i=1

Gt−i(θ)P (θ)
( ∞∑

j=0

Gj(θ)TQγy∗(i+ j)
)
.

p" (7) �|r6 Eyθ(t) = I1θ(t) + I2θ(t). ;9#6Q9[7TZMDQI I1θ(t), I2θ(t) !
$^&T(SMR"c�0)2 2(ii) N#<dA" θ ∈ M , t = 0, 1, · · · &

‖I1θ(t)‖ ≤ ‖G(θ)‖t‖y0‖ ≤ Mλt‖y0‖ ≤ M‖y0‖,

‖I2θ(t)‖ ≤
t∑

i=1

‖G(θ)‖t−i‖P (θ)‖
∥∥∥ ∞∑

j=0

Gj(θ)TQγy∗(i+ j)
∥∥∥ ≤ M2MPMy∗‖Q‖|γ|

(1 − λ)2
.

$@#I1θ(t), I2θ(t)!$^&T"0DQ I1θ(t), I2θ(t)"(SMR(0̂ Yt � Gt(θ1)−Gt(θ2),

p Yt = (G(θ1) −G(θ2))Gt−1(θ1) +G(θ2)Yt−1 =
t−1∑
i=0

Gt−i−1(θ2) (G(θ1) −G(θ2))Gi(θ1). ;

9#)2 2(ii) N

‖Yt‖ ≤ ‖G(θ1) −G(θ2)‖
t−1∑
i=0

‖G(θ2)‖t−i−1‖G(θ1)‖i ≤ tλt−1‖G(θ1) −G(θ2)‖, (A.1)

2A1 ψ
�
= sup

t≥0
lim

t→∞ tλt−1 <∞, )K"c. ‖Yt‖ ≤ ψ‖G(θ1) −G(θ2)‖, t = 0, 1, · · · . ;9#
<dA" θ1, θ2 ∈ M, & sup

t≥0
‖I1θ1(t)− I1θ2(t)‖ ≤ ψ‖y0‖‖G(θ1)−G(θ2)‖, g*#) G(θ) 9M

K"$^MR(N I1θ(t) !(SMR"0^

I21(θ1, θ2, t) �
∥∥∥ t∑

i=1

Gt−i(θ1)P (θ1)
( ∞∑

j=0

Gj(θ1)
T
Qγy∗(i+ j)

)

−
t∑

i=1

Gt−i(θ2)P (θ2)
( ∞∑

j=0

Gj(θ1)
T
Qγy∗(i+ j)

)∥∥∥,
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I22(θ1, θ2, t) �
∥∥∥ t∑

i=1

Gt−i(θ2)P (θ2)
( ∞∑

j=0

Gj(θ1)
T
Qγy∗(i+ j)

)

−
t∑

i=1

Gt−i(θ2)P (θ2)
( ∞∑

j=0

Gj(θ2)
T
Qγy∗(i+ j)

)∥∥∥,
p ‖I2θ1(t) − I2θ2(t)‖ ≤ I21(θ1, θ2, t) + I22(θ1, θ2, t). )" (A.1) �.

‖I21 (θ1, θ2, t) ‖

≤ M2‖Q‖|γ|My∗

(1 − λ)2
‖P (θ1) − P (θ2)‖ +

M‖Q‖|γ|My∗MP

1 − λ

∞∑
i=1

‖Gi(θ1) −Gi(θ2)‖

≤ M2‖Q‖|γ|My∗

(1 − λ)2
‖P (θ1) − P (θ2)‖ +

M‖Q‖|γ|My∗MP

1 − λ
‖G(θ1) −G(θ2)‖

∞∑
i=1

iλi−1

≤ M2‖Q‖|γ|My∗

(1 − λ)2
‖P (θ1) − P (θ2)‖ +

M‖Q‖|γ|My∗MP

(1 − λ)3
‖G(θ1) −G(θ2)‖.

v7�. ‖I22(θ1, θ2, t)‖ ≤ M‖Q‖|γ|My∗MP

(1−λ)3 ‖G(θ1) −G(θ2)‖. $@#49: t, θ1, θ2 4."6

1 K, +. ‖I2θ1(t) − I2θ2(t)‖ ≤ K (‖G(θ1) −G(θ2)‖ + ‖P (θ1) − P (θ2)‖). )9: G(θ), P (θ)
9 M K"$^MR(N I2θ(t) !(SMR"0

hi B [T 4.3 \]^
)" (12) �NZX� "(oG

y0
i (t) − Ey0

i (t) = Gt
i (yi(0) − y0) +

t∑
j=1

Gt−j
i Cwi(j). (B.1)

^

Π N
1 � lim sup

n→∞
2
n

n−1∑
t=0

∥∥ 1
N

N∑
i=1

Gt
i

(
yi(0) − y0

)∥∥2
,

Π N
2 � lim sup

n→∞
2
n

n−1∑
t=0

∥∥ 1
N

N∑
i=1

( t∑
j=1

Gt−j
i Cwi(j)

)∥∥2
,

p

lim sup
n→∞

1
n

n−1∑
t=0

∥∥y0
N (t) − Ey0

N(t)
∥∥2 ≤ Π N

1 + Π N
2 , a.s. (B.2)

)hF (H4) :?W5[,;<87 (-V [11] 587 2.8) .

lim
N→∞

1
N

N∑
i=1

(‖yi(0) − Eyi(0)‖2 − E‖yi(0) − Eyi(0)‖2
)

= 0, a.s. (B.3)

)hF (H4) N

sup
N≥1

1
N

N∑
i=1

E‖yi(0) − Eyi(0)‖2 ≤ E‖y1(0) − y0‖2 < ∞. (B.4)
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;9#)" (B.3) ," (B.4) N49 ME > 0,

1
N

N∑
i=1

‖yi(0) − Eyi(0)‖2 ≤ ME, a.s. (B.5)

H*#)2 2(ii) ,yt$("N

Π N
1 ≤ lim sup

n→∞
2
n

n−1∑
t=0

( 1
N

N∑
i=1

‖Gi‖2t
)( 1

N

N∑
i=1

‖yi(0) − y0‖2
)

≤ MME lim sup
n→∞

2
n

n−1∑
t=0

λ2t = 0, a.s. (B.6)

^

Π N
21 � lim sup

n→∞
2
n

n−1∑
t=0

[ 1
N2

N∑
i=1

∥∥∥ t∑
j=1

Gt−j
i Cwi(j))

∥∥∥2]
,

Π N
22 � lim sup

n→∞
2
n

n−1∑
t=0

[ 1
N2

∑
1≤i1 
=i2≤N

( t∑
j=1

Gt−j
i1

Cwi1 (j)
)T( t∑

j=1

Gt−j
i2

Cwi2(j)
)]
,

p

Π N
2 = Π N

21 + Π N
22 , a.s. (B.7)

)yt$("#hF (H5) ,2 2 N

Π N
21 ≤ lim sup

n→∞
2
n

n−1∑
t=0

[‖C‖2

N2

N∑
i=1

( t∑
j=1

‖Gi‖t−j

)( t∑
j=1

‖Gi‖t−j‖wi(j)‖2

)]

≤ lim sup
n→∞

2
n

n−1∑
t=0

[
M2‖C‖2

N2(1 − λ)

N∑
i=1

t∑
j=1

λt−j‖wi(j)‖2

]

≤ lim sup
n→∞

2M2‖C‖2

nN2(1 − λ)

N∑
i=1

[
1

1 − λ

n∑
j=1

‖wi(j)‖2

]

≤ 2M2‖C‖2tr(Rω)
N(1 − λ)2

, a.s. (B.8)

DmQI Π N
22 = 0, a.s. h^#&~*- [10] 5 (19) ""QI�.

lim sup
n→∞

1
n

n∑
t=1

wi(t)wT
j (t) = 0, i �= j, a.s. (B.9)

~ W(t) �
(
wT

1 (t)CT · · ·wT
N (t)CT

)T, Ft � σ

(
N⋃

i=1

F i
t

)
. p)hF (H5) �N {W(t),Ft} 6

?WV#oG
sup
t≥0

E
[‖W(t)‖2|Ft−1

]
<∞, a.s. (B.10)
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O")" (B.9) N

lim
n→∞

1
n

n∑
t=1

W(t)WT(t) = diag
(
CR1C

T · · ·CRNC
T
)

� RC . (B.11)

)hF (H5) N RC 67m8U\0~

Y (t) =
(( t∑

j=1

Gt−j
1 Cω1(j)

)T

· · ·
( t∑

j=1

Gt−j
N CωN (j)

)T)T

, (B.12)

p Y (t) 6./W M5
Y (t+ 1) = G∗Y (t) + W(t+ 1)

"(#d5 G∗ � diag (G1 G2 · · ·GN ). ) Gi(i = 1, 2, · · · , N) 638U\N G∗ 638U
\0g*)" (B.10), " (B.11) :-V [10] 5[7 4.1 �.

lim
n→∞

1
n

n∑
t=1

Y (t)Y T(t) =
∞∑

k=0

(G∗)kRC(G∗)kT
. (B.13)

2A1" (B.12) : G∗ , RC 6<}\�.

lim sup
n→∞

1
n

n∑
t=1

( t∑
j=1

Gt−j
i1

Cwi1 (j)
)( t∑

j=1

Gt−j
i2

Cwi2 (j)
)T

= 0, 1 ≤ i1 �= i2 ≤ N, a.s.

c Π N
22 = 0, a.s. ;9#)" (B.7) ," (B.8) N Π N

2 ≤ 2M2‖C‖2tr(Rω)
N(1−λ)2 , a.s. H*)" (B.2)

, (B.6) N[7 4.3 P];W0

hi C HT 4.3 jklm[T\]^
^

JN
i

(
u0

i , u
0
−i

)
= lim sup

n→∞
1
n

n−1∑
t=0

[(
y0

i (t) − γy0
N (t)

)T
Q
(
y0

i (t) − γy0
N (t)

)
+ (u0

i )
TRu0

i

]
,

JN
i

(
u0

i , γy
∗) = lim sup

n→∞
1
n

n−1∑
t=0

[(
y0

i (t) − γy∗
)T
Q
(
y0

i (t) − γy∗
)

+ (u0
i )

TRu0
i

]
,

JN
i

(
ui, u

0
−i

)
= lim sup

n→∞
1
n

n−1∑
t=0

[ (
yi(t)|ui − γyN (t)|ui,u0

−i

)T

Q
(
yi(t)|ui − γyN (t)|ui,u0

−i

)
+ uT

i Rui

]
,

d5 yi(t)|ui ^X]dA" ui ∈ Ug,i sU� (1) $.1"ZX(0
[T C.1 <*� (1) ,?= (3), khF (H1), (H3) − (H6) ;W#p497m./

n- C1 <∞, +.
sup
N≥1

max
1≤i≤N

JN
i

(
u0

i , u
0
−i

) ≤ C1, a.s. (C.1)

U ^

C0 = sup
N≥1

max
1≤i≤N

lim sup
n→∞

1
n

n−1∑
t=0

[∥∥y0
i (t)
∥∥2 +

∥∥u0
i (t)
∥∥2
]
. (C.2)
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p) JN
i

(
u0

i , u
0
−i

)
"8B"�N

JN
i

(
u0

i , u
0
−i

) ≤ lim sup
n→∞

1
n

n−1∑
t=0

(‖Q‖‖y0
i (t) − γy0

N (t)‖2 + ‖R‖‖u0
i (t)‖2

)
≤ (2‖Q‖ + ‖R‖ + 2‖Q‖|γ|2)C0 � C1.

)87 4.1 N C1 : i, N 4.#;9[7 C.1 ;W0
[T C.2 <*� (1) ,?= (3), khF (H1), (H3) − (H6) ;W#p497m./

n- C2 <∞, +.

sup
N≥1

max
1≤i≤N

lim sup
n→∞

1
n

n−1∑
t=0

[( γ
N

N∑
j=1,j 
=i

y0
j (t)
)T

Q
( γ
N

N∑
j=1,j 
=i

y0
j (t)
)]

≤ C2, a.s. (C.3)

U )" (C.2) �.

lim sup
n→∞

1
n

n−1∑
t=0

[( γ

N

N∑
j=1,j 
=i

y0
j (t)
)T

Q
( γ
N

N∑
j=1,j 
=i

y0
j (t)
)]

≤ lim sup
n→∞

1
n

n−1∑
t=0

[
‖Q‖

∥∥∥ γ
N

N∑
j=1,j 
=i

y0
j (t)
∥∥∥2]

≤ ‖Q‖|γ|2C0 � C2, a.s.

[7 C.2 Q{0
[T C.3 <*� (1) ,?= (3), khF (H1), (H3) − (H6) ;W#p JN

i

(
u0

i , u
0
−i

) ≤
JN

i

(
u0

i , γy
∗)+ O

(
εN
1

)
, a.s. d5

εN
1 =

(
lim sup

n→∞
1
n

n−1∑
t=0

∥∥y∗(t) − y0
N (t)

∥∥2

) 1
2

. (C.4)

U )87 4.1 ,87 4.2 :yt$(".

JN
i (u0

i , u
0
−i)

= lim sup
n→∞

1
n

n−1∑
t=0

[
(y0

i (t) − γy∗ + γy∗ − γy0
N (t))TQ(y0

i (t) − γy∗ + γy∗ − γy0
N (t)) + (u0

i )
T
Ru0

i

]

≤JN
i

(
u0

i , γy
∗)+ ‖Q‖|γ|2 (εN

1

)2
+ 2

√
2‖Q‖|γ|εN

1

[
lim sup

n→∞
1
n

n−1∑
t=0

(‖y0
i (t)‖2 + γ2‖y∗‖2)

] 1
2

=JN
i (u0

i , γy
∗) +O(εN

1 ), a.s.

[7 C.3 Q{0
[T C.4 <*� (1) ,?= (3), khF (H1), (H3) − (H6) ;W#p

JN
i

(
u0

i , γy
∗) ≤ inf

ui∈Ug,i

JN
i

(
ui, u

0
−i

)
+O

(
εN
1

)
+O

(
1
N

)
, a.s. (C.5)

d5 εN
1 )" (C.4) 9U0
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U )[7 C.1 ,[7 C.2 N#49./n- C1 <∞ , C2 <∞ +." (C.1) , (C.3)
;W0^

Ξ 0 =
{
ω : sup

N≥1
max

1≤i≤N
JN

i (u0
i , u

0
−i) ≤ C1,

sup
N≥1

max
1≤i≤N

lim sup
n→∞

1
n

n−1∑
t=0

[( γ
N

N∑
j=1,j 
=i

y0
j (t)
)T

Q
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)[7 C.1, " (C.1) ," (C.6) .
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9K"5~ N → ∞, P6" (C.8) �.
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LINEAR QUADRATIC DECENTRALIZED DYNAMIC GAMES

FOR LARGE POPULATION DISCRETE-TIME

STOCHASTIC MULTI-AGENT SYSTEMS

Ma Cuiqin Li Tao Zhang Jifeng

(Academy of Mathematics and Systems Science, Chinese Academy of Sciences, Beijing 100080)

Abstract In this paper, decentralized games of discrete-time large population stochastic
multi-agent systems are considered under a coupled quadratic performance index. Based on
the state aggregation method, the estimate of the population state average is constructed, with
which and the Nash certainty equivalence principle, the decentralized control law is designed.
By the probability limit theory, the stability and optimality of closed-loop system is analyzed.
The main results are: (1) The estimate of the PSA is shown to be strongly consistent in some
norm sense, which implies that the estimation error is convergent to zero almost surely as the
number of agents increases to infinity. (2) The closed-loop system is almost surely uniformly
stable, in other words, the stability is independent of the number of system agents. (3) The
decentralized control law is an almost surely asymptotic Nash equilibrium strategy.

Key words Multi-agent systems, decentralized control, asymptotic Nash equilibrium,
discrete time system, stochastic dynamic game.


